On the symmetry of periodic structures in two dimensions  by Gavezzotti, A. & Simonetta, M.
Comp. & Maths. withAppls, Vol. 12B, Nos. 1/2, pp. 465-476, 1986 0886-9561/86 $3.00+ .00 
Printed in Great Britain. © 1986 Pergamon Press Ltd. 
ON THE SYMMETRY OF PERIODIC STRUCTURES IN 
TWO DIMENSIONS 
A. GAVEZZOTTI and M. SIMONETTA 
Dipartimento di Chimica Fisica ed Elettrochimica e Centro CNR, Universit/~ di Milano, via Golgi 19, 
20133 Milano, Italy 
Abstract--The symmetry aspects of periodic arrays of chemical entities with two-dimensional tr nslation 
(layers) are examined. The plane groups, G~, and the layer groups, G 3, are considered, and their mutual 
relationships are discussed. Examples drawn from surface chemistry in heterogeneous catalysis on regular 
metal surfaces are proposed. The matrix representation of the plane and layer groups is analyzed for 
some important cases. 
I. TWO-DIMENSIONAL SYMMETRY: HYDROCARBON CHEMISORPTION 
AND WALL DECORATION 
The arts and crafts of drawing, painting, and decoration, are no doubt strictly two-dimensional 
matters. A sheet of paper, a piece of canvas, a blank wall awaiting the hand of a fresco master, 
dispense with that precious third dimension we so much exploit in everyday life. Still, there 
are some craftsmen that make use of symmetry, and some who do not. Among the last, 
generations of painters--from Giotto to Jackson Pollock--would have considered repetition of 
figures by translation or rotation as the dull trick of an insipid dauber. At the other extreme, 
symmetry of form and colours must have been about he only concern for the anonymous arabian 
decorator who set out to the difficult task of pleasing the Sultan's eyes with his brightly coloured 
tiles on the walls of the Alhambra, in Granada. At that time, not even the most imaginative 
alchemist could have foreseen a connection between wall decoration and the quest for the 
philosophal stone. Today, gasoline is more in demand than gold, and present-day alchemists 
compete to find the materials that best help the conversion of crude oil into the thin liquid that 
propels our cars. Such materials are catalysts; and it so turns out that the best model systems 
available for the study of catalytic action at a molecular level are clean metal surfaces on which 
molecules chemisorb in a neatly ordered, symmetric, two-dimensional rray. Just as the tiles 
that pave the Sultan's rooms at Granada: and a glance at Figs. l(a)- l(b) should be convincing 
on this point. 
But the striking coincidence between the two-dimensional patterns of surface chemists and 
the decorative imagination of craftsmen is further testified by Figs. 2(a)-2(b), where the artistic 
example is taken from an entirely different time and place--the xuberant Vienna of the first 
years of this century. Of course, the ultimate source of these coincidences lies in the group- 
theoretical requirement that any periodic pattern of two-dimensional figures belong to one of 
the 17 plane groups[I,2]. The Alhambra decorator, however, might have known more than 
present-day surface spectroscopists--in the case of the methylacetylene structure on the Pt(! 11) 
surface, which is strictly similar to the one shown in Fig. l(a), one carbon monoxide molecule 
was found, after many efforts, to occupy the empty space on the threefold axes at the cell 
origin, while the arabian artist had quite naturally filled this space with a star (Fig. l(b)). 
Symmetry is pleasing to the eye, and the reason why this is so is deeply buried in the 
intricacies of the physiology of human perception. A suspicious mind might therefore think of 
a common origin for the structural motifs of Figs. l(a-b) and 2(a-b)--namely, human bias 
towards the pleasantness of a symmetric drawing. Such a surmise casts a shadow on the chemical 
theory of chemisorption and molecular interaction; but it must be said at once that such a theory 
rests on a much firmer basis than just decorative whim. Once they bind to a metal surface, 
molecules are forced to occupy well defined positions, and are capable of mutual recognition 
by means, essentially, of van der Waais forces. It is, therefore, the very concrete requirement 
of minimum enthalpy and maximum entropy that is responsible for the pattern formation. The 
authors of Fig. 2(a) worked out their model on the principle of best surface-adsorbate binding, 
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Fig. 1, (a} The surface structure of propylidyne chemisorbed on the ( 111 ) face of fcc metals[ 13]. H atoms are 
shown by dashed areas in the top part of the illustration; full lines show two different choices of the unit cell. 
(b) A decoration on a wall of the rooms of the Alhambra, in Granada. The similarity between (a) and (b} is 
more evident by observing the pattern of the black atoms in (a) and of the tips of the arrows in (b). 
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Fig. 2. (a) The surface structure of benzene on Pt(i 11), from [I 1]. (b) Drawing adapted from a cloth decoration 
by M. Benirschke, Wien, 1902. Glide planes are labeled g (vertical); the horizontal lines mark the vertical cell 
edge, while the horizontal cell edge is twice the distance between the glide planes. 
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and of mutual molecular avoidance, a principle that was certainly obscure to the author of Fig. 
2(b). 
Nonetheless, the patterns of Figs. l b and 2b were successful in pleasing the Sultan and 
belle ~poque ladies, while those of Figs. l(a) and 2(a) are l ss easily accepted, and are open 
to criticism by the surface chemistry community. There is perhaps a lesson to be learnt from 
this. 
2. MOLECULAR CLOSE-PACKING AND SYMMETRY 
It is generally true that an array of molecules--be it two- or three-dimensional--minimizes 
its free energy by choosing to be as compact as possible, compatibly with the impenetrability 
of atoms. This principle is a cornerstone of organic crystal packing theories, and, were it not 
for the action of the forces between the adsorbate and the metal surface, would certainly find 
a straightforward application to the two-dimensional case. Yet, preliminary evidence so far 
available[3] shows that when a monolayer of sizable organic molecules i deposited on a compact 
metal surface, it does obey a sort of 2-D close-packing principle. 
The tendency to close-packing can be understood on an intuitive basis. Objects of any 
form, which attract each other, will naturally tend to come as close as possible. If one deals 
with spheres, one gets the most symmetrical cubic packing; with molecules, the arbitrariness 
of their shapes requires a more complicate choice of the packing pattern. 
Symmetry, however, is not a choice, but a must. A regular and periodical juxtaposition 
of chemical entities entails a regular and periodical potential, and this, in turn, brings symmetry 
into play. The symmetry of the crystal potential function has been analyzed by P. M. Zorkii[4], 
who, in his so-called "superposition theorem", states that "a necessary condition for the 
formation of a crystal is that at least two molecules added on to the original molecule should 
fall in energetically equivalent special points". By "special points" is meant he lowest minima 
of the function U(x, y, z) which is the potential of the intermolecular interaction. By applying 
this theorem in sequence to all molecules in the crystal, one can infer that, at the very least, 
there must be translational symmetry for a crystal to be formed. If one then takes into consid- 
eration also three angles, ~, ~, ~, which describe the mutual orientation i  space of the related 
molecules, and on which the U function also depends, the path is open to an extremely simple 
and fruitful analysis of the introduction of symmetry axes and planes relating the molecules in 
the crystal. The reader will be aware at this point that Zorkii's analysis has been recast here 
into a non rigorous, intuitive language. 
As we have already mentioned, a crystal minimizes its free energy by minimization of 
enthalpy and maximization of entropy. As very simply and neatly stated by Kitaigorodski[5], 
a high packing density helps fulfilling the first requirement, and a high symmetry is coherent 
with the second. The best way for a crystal to achieve stability is therefore to contain symmetry 
elements that produce close-packing. 
If one is ready to accept he view that a molecule is a real three-dimensional object made 
of interpenetrating atomic spheres, with a weight, a volume and a surface[6,7], and, above all, 
a well defined shape, then it is relatively simple to see why for example glide planes or screw 
axes are stability-producing symmetry elements. From this point of view, the problem looks 
like a jigsaw puzzle, as Fig. 3 shows. Repetition by mirroring (Fig. 3(a)) results in a bump- 
to-bump and hollow-to-hollow confrontation, while, most naturally, mirroring plus translation 
produces an efficient packing of arbitrarily shaped objects (Fig. 3(b)). Such simple reasoning 
explains why more than 50% of all organic structures belong to space group P2t/c, which 
contains the simplest combination of glide planes and screw axes. 
No such simplifications are possible if the view is taken that a crystal is a chemical system 
which, as any other, must be described quantum mechanically by a suitable wavefunction. The 
mere fact that a fluorishing and perfectly adequate theory of molecular crystals, based on shape 
and size concepts, has been built and is being used, lends powerful support to the "real object" 
model of molecular structure. No doubt, the "steric effect" has helped in the rationalization 
of solution chemistry too. 
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Fig. 3. (a) The effect of mirror planes (dotted lines) on a figure. (b) Th  effect of a glide plane on the same 
figure; the plane is marked by the dotted line, while th  arrows indicate the direction of the displacement. 
3. TWO IN TWO: THE PLANE TWICE-PERIODIC GROUPS G 2 
There are five plane nets corresponding to two-dimensional Bravais groups, or two-di- 
mensional lattices. Symmetry operators in two dimensions are axes of order 2, 3, 4 and 6, and 
mirror and glide planes; it being understood that the axes are formally perpendicular to the 
plane space, and that the symmetry planes are also perpendicular to this plane, on which they 
are represented by their trace. Putting those elements together, one obtains the 17 G 2 groups. 
Of course what has been here xposed in conversational language can be put in the formal 
language of group theory[8]. 
These groups are important because they describe the projections of three-dimensional 
crystalline structures, and the symmetry of sections (e.g. of electron density) through three- 
dimensional structures. They find a natural application in the study of molecular chemisorption, 
when a monolayer of molecules is deposited on the fiat surface of a crystalline metal. Figure 
4 shows the effect of the symmetry axes (the effect of the symmetry planes is very well illustrated 
in Fig. 3). 
Special cases concerning the adsorption of large molecules on high-symmetry, compact 
metal surfaces like the fcc (111) have been treated in terms of some of the symmetry operators 
of Figs. 3 and 4 oriented in appropriate ways with respect o the metal atoms of the surface[9]. 
Figure 5 shows some (graphically attractive, but also chemically significant) results. 
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Fig. 4. The effect of pure translation, of a twofold axis, of a threefold axis, and of a fourfold axis on a 
plane figure. 
pl 
p2 
p31m 
pgg 
Fig. 5. Various plane groups for layers of azulene molecules. These are the most energetically favourable for 
adsorption on Rh(l I 1); see [9]. 
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4. THREE IN TWO: THE LAYER GROUPS G] 
A more general and adequate description of the two-dimensional packing of three-dimen- 
sional objects calls for the use of layer groups. These contain two translations which define a 
plane, X~X2, which is a singular plane; there is no periodicity along X3, the third axis perpen- 
dicular to the singular plane. 
There are 80 G 3 groups[8]; the symmetry elements of K, the molecular point group, are 
oriented so that rotations due to 3-, 4- and 6-fold axes are performed around axes perpendicular 
to the singular plane. Twofold symmetry axes may lie in this plane, which can also be a mirror 
or glide plane. Thus, the case may be that some symmetry elements interchange the X 3 coor- 
dinate, and that the space is subdivided by the singular plane into two symmetry-equivalent 
subspaces. All the G~ groups can be derived[8] by forming the semidirect product of the two- 
dimensional translation group and the molecular point group: 
G~ = T2OK.  
17 of the G 3 groups do not contain symmetry elements which interchange the X3 coordinate. 
No wonder, the G~ groups are projected onto the G~ groups along X3. In chemisorption studies, 
one has to deal with a layer of molecules bound to a plane metal surface. Focussing on the 
overlayer only, while in general the G 3 groups should be used to describe its symmetry, it turns 
out that in most cases the G~ subset is sufficient, especially when flat molecules like the aromatics 
are involved. In such cases, the third dimension is immaterial, in the sense that the X3 component 
of the forces acting on the molecules is null, or at least, it is constant and equal to the more 
or less homogeneously distributed binding force between the adsorbate and the metal surface. 
Of course, when the full chemisorption system is taken into account--that is, the chem- 
isorbed overlayer plus one or more metal atom layers--there can never be two symmetry- 
equivalent subspaces, since the metal l yer creates an indelible asymmetry. The G] groups, 
therefore, vanish into their G~ subset, which is currently used, for example, to analyze the 
LEED diffraction patterns obtained from chemisorption systems. Incidentally, the symmetry of 
the metal layers is usually so high--since most studies are carried out on closely-packed 
surfaces--that the whole symmetry is limited by the adsorbate overlayer. 
The analysis of the overlayer symmetry alone in terms of the layer groups is nonetheless 
an amusing intellectual exercise, and is not without its rewards, as will become clear later. To 
make just a simple example, let us consider an overlayer of pyridine molecules. One could 
conceive an adsorption mode in which the N atom interacts with e surface more strongly than 
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Fig. 6. A layer of pyridine molecules (the circle symbolizes the N atom), and the plane group symmetry change 
upon in-plane rotation. 
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Fig. 7. Same as Fig. 6, but for out-of-plane tilting of the pyridine molecules. In the side view, the heavy 
contour denotes a molecule in the foreground. 
the C atoms or CH groups, so that the molecule tilts out of the plane parallel to the metal 
surface[10], while this is not so for benzene[1 l]. 
Let us analyze the various symmetry groups that may be used to describe what happens 
if the pyridine molecule rotates around its main axes. We assume, as a starting point, a fiat 
layer, as seen in Fig. 6, belonging to the plane G~ group pmg-a tightly packed array. It should 
be noted that the mirror symmetry is introduced since it is already amolecular symmetry element; 
in fact, as the molecule rotates in its plane around a vertical axis, the layer mirror planes and 
the twofold axes disappear, and the pmg symmetry is reduced to pg (refer always to Fig. 6). 
Rotation around one of the axes in the molecular plane (see Fig. 7) brings the molecule 
out of the layer plane. One must then use a G 3 group, which, in this instance, turns out to be 
pbm2. No symmetry elements are lost, since pbm2 projects onto ping. 
Rotation around the third axis (see Fig. 8) is more interesting, since it introduces a mirror 
plane that runs through the molecule, at right angles to the molecular plane. Here, a G2 3 must 
be used in which the space is subdivided into two symmetry-equivalent suhspaces. This is group 
pbmm. Of course, however, in the real case also the metal atoms plane must be taken into 
account, and the space group is again pbm2. 
5. MATRIX  REPRESENTAT ION 
The study of regular overlayers, like that of three-dimensional crystals, must necessarily 
proceed through some kind of modeling. A mathematical model of a periodic, symmetric array 
of objects in space can be uilt by the use of the matrix representation f symmetry. 
In any case, the first aim is the calculation of the lattice energy. In such calculations, one 
fundamental chemical unit--he it a molecule, or a group of ions, or a single atom, as in 
metals--is urrounded by other units, related to the fundamental one by the symmetry elements 
of the space group. The energy is then evaluated, quite often, as a lattice sum of atom-atom 
contributions, each of which depends explicitly on the cartesian coordinates of the atoms[ 12]. 
Therefore, starting from the atomic coordinates for the fundamental unit, xoj, one obtains the 
coordinates for all the surrounding units as: 
Xij = MiXoj + ti 
where Mi and t~ are a matrix and a vector, respectively, which express the rotations and 
translations brought about by symmetry. Of course, the set of M,-t~ couples must form a group. 
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Fig. 8. Same as Figs. 6-7, but for rotation around thethird axis. The N atom is denoted by a circle in the 
plane drawing, and by a full circle in the perspective drawing. 
For G~ and G] groups--the 17 plane groups and the 230 space groups, respectively-- 
matrices and vectors are available from standard sources[2]. Starting from them, we shall now 
introduce a matrix representation for some interesting G~ groups, see Figs. 9-10. Some con- 
siderations on the way in which plane and layer groups are related will be offered. 
Essentially, the matrix representation for G 3 is the same as for the G~ with the same label, 
except for a number of limitations due to the uniqueness of the z axis. For instance, there is 
but one p2 group in G~, while there are two in G~, depending on whether the 2 axis is along 
z or is in the xy plane. Another difference is that, while in G~ the translation vector components 
can always be increased or decreased by an integer number of cell edges, the third component 
of these vectors in G~ must always be zero. In fact, this component is a purely formal one, 
since the translation group has only two components. 
The matrix representations are collected in the Table. It is understood that in this Table 
the third component of each of the translation vectors in G~ suffers from the above limitation. 
In some cases, the choice of the axis orientation is not consistent with that of [2] or [8], but 
this was necessary in the unification of two different conventions. 
Consider first Fig. 9 and Table 1. The matrix for p112 is simply obtained from that of p2, 
since the z coordinate is unchanged; when however one goes to pl, the third coordinate changes 
sign, and one obtains an inversion center. If, on the other hand, the twofold rotation axis in 
the xy plane, as in group p121, the coordinate along the symmetry axis (y in our case) does 
not change sign. It is worth noting that, the twofold axis being in the xy plane, the angle ~/ 
between the two translation unit vectors must be 90 ° . 
More interesting is the case of glide planes, pg and plal are correlated in the same way 
as p2 and pl12 were (check the matrices in Table 1). When, however, the third dimension 
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Fig. 9. Symbolic drawings of the symmetry of some G] groups (after [8]). Full triangles are above, open 
triangles are b low the unique (xy) plane. Where two labels are given, the first refers to he corresponding 
GI group. 
comes into play (so to speak), the glide plane may change into a screw axis, and group p12,1 
obtains. When both glide planes and screw axes are present, at right angles, one may go to 
group p l2 , /a l ,  which has (in Fig. 9) glide planes parallel to x and screw axes parallel to y. 
The coupling of these two symmetry elements results in an inversion center, which closes the 
symmetry group. 
We may now turn to Fig. 10, where the relationship between ping and pbm2 is seen to 
follow the previous examples. The coupling of a mirror and a glide plane requires a twofold 
axis for group closure. Group pbmm is easily obtained from pbm2, by addition of a mirror 
plane along the xy plane. The number of asymmetric units in the cell is doubled, and each 
matrix of pbm2 has a corresponding matrix in pbmm with the z coordinate changing sign. 
As a final example, we propose the case of the pgg and pba2 groups, for which we need 
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Table I. Matrix representation for G] and G] symmetry groups. Z is the 
hum_bet of asymmetric units in the ceil. Symbols for symmetry elements 
are: 1, inversion center; 2, twofold rotation axis; 2j, twofold screw axis; 
g, glide plane; m, mirror plane. The zeroes in the matrices are not written. 
Refer to Figs. 9-10 
Matrices Symmetry 
Group name Z and vectors element 
G~p2 2 [ -1  i 1 2 [-, ] G~ p112 2 - 1 2 on z 
1 [-' ] 0.,3 pi  2 -1  i 
-1  [-, ] G~ pl21 2 1 2 on y 
-1  
I g 
G~ plal 2 1 g yz 
1 [_l 
G1 p12~l 2 1 2~ ony 
-1  [-' 
G1 pl2~/al 4 - 1 1" 
-1  
I I g xz 1 1 
- I  1 2, ony 
-1  
G]pmg 
L J 
[ ' _ l ]  ° 
[-' 1 G~ pbm2 4 - 1 2 on z 1 [' ] -1  m xz 
1 [-,] 
1 g yz 
1 
G~pgg 4 / - I  _ l /  2 
t~ J 
[,02] 
12 
12  
i,2] ,;2j 
l,2] ,;2j 
Iz] 12 
12  
Periodic structures in twodimensions 
Table 1 (Continued) 
Matrices Symmetry 
Group name Z and vectors element 
GI pba2 4 
G] p2,2,2 4 
- I  -1  
1 -1  
- !  1 
1 
-1  
-I 
- I  
- - l  
1 
- I  
i ]  on z 2 
[ l,q 
[ ,q  
I ,2 
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Fig. !0. Same as Fig. 9; a triangle with a dot symbolizes the superposition of a full a d an empty triangle. 
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not bore the reader with the usual explanation. When the two glide planes turn into screw axes, 
one gets group p2~212. 
All the groups we have illustrated contain the precious ymmetry elements that we have 
seen to improve the chance of close packing. A similar analysis could be conducted (although 
by a much more tedious effort) on groups containing threefold, fourfold and sixfold axes. 
6. CONCLUSIONS 
The three-dimensional space groups G] are used widely by practicing chemists, and 
especially by crystallographers. Also, although less commonly, the corresponding two-dimen- 
sional G 2 groups are found to have useful applications by surface chemists, among others. As 
we have briefly shown, they are useful in layer packing energy calculations and, in general, 
for surface crystallography. For example, in some favourable cases, a plane group for the 
adsorbate was assigned on the basis of extinctions in the LEED patterns. 
The no-man's land of G~ groups is also worth exploring, though, since much useful 
information for the chemist can be found there. For example, they could be used to describe 
multilayer adsorption on regular metal surfaces, and the inclusion compounds in which one 
layer of organic material slips in between two layers of graphite or any other layered guest 
material. Some of their characteristics have been, it is hoped, illustrated by this paper. 
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